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Abstract 

An arbitrary proper parabohc subalgebra p of a semisimple complex 
Lie algebra g induces an embedding g '-^ W„, and more generally an 
embedding g ^ Wn®End V, where Wn is the Weyl algebra in n variables, 
n is the dimension of the nilradical of p, and V is an arbitrary p-module. 
We give an elementary proof of this well-known fact, report on a computer 
program computing the embeddings, and tabulate exceptional Lie algebra 
embeddings G2 ^ W5, F4 ^ W15, Ee ^ Wie, E7 ^ W27, ^8 ^ W57 
arising in this fashion. 

Key words: Generalized Verma modules, Exceptional Lie algebras, realization 
of exceptional Lie algebra, Weyl algebra 

1 Introduction 

Let g be a Lie algebra, p' be a Lie subalgebra and n' be a nilpotent Lie sub- 
algebra, such that is the direct vector space sum of n' and p'. Let V be 
a representation of p'. It is then well-known that there exists a Lie algebra 
homomorphism mapping g to the Lie algebra W„ EndF, where W„ is the 
Weyl algebra of differential operators with polynomial coefficients in n = dim n' 
variables. In the particular case that is a trivial representation, this map 
may be identified with a homomorphism from g into W„. This is explained, for 
example, in [5] in the remarks before Lemma 3.3 there. 

Suppose now that g is a simple complex Lie algebra. Then a homomorphism 
of the above form must be an embedding. In the case that p' = p is a parabolic 
subalgebra and n' = n_ is the subalgebra opposite to the nilradical of p, in 
Proposition 13.71 we construct the corresponding well-known embedding g ^ 
W„ (g) End Va(0- The construction is classical (for example, see [5], [6] and the 
references therein). Our proof is computational and well-suited for computer 
realizations. 



If we ask that the parabohc subalgebra be of maximal dimension (and there- 
fore has nihadical of minimal dimension n = dimn) and A = 0, we get the 
embeddings Es ^ W57, -B7 ^ W27, Ee ^ Wig, F4 ^ W15, --^ W5. The so 
obtained embeddings are described in the following theorem. 

Theorem 1.1 Let q C W„ ® id be the Lie algebra generated by the differential 
operators indicated in the last column of Table{ll where n is the number indicated 
in the second column. Then g is isomorphic to the exceptional Lie algebra 
indicated in the first column of the table. 

In section[5]we illustrate the details of the construction for G2 ■ In section|4]we in- 
formally describe a computer algorithm that automates the entire construction. 
We report that a computer prograrrQ 9 written by the author can compute the 
embeddings g ^ W„ ® End V>v(0 where p is an arbitrary parabolic subalgebra 
and Va(0 is an arbitrary irreducible finite dimensional representation of p (the 
dimension of V\{{) is restricted by computational power; dimVx(0 < 1000 is 
within practical limits on a modern 32 bit personal computer). The program is 
written in the programming language C-f -f , within the project "vector partition 
function". Table [1] was generated by our C-I--I- program. 

We note that the results of Section [3] are valid over a field of arbitrary char- 
acteristic - the only division operation required by Section |3] is the division by 
a monic polynomial in ([3|). So long as the structure constants with respect to 
a Chevalley-Weyl basis of the Lie algebra do not vanish (which does happen 
in characteristic 2 and 3 for G2 and in characteristic 2 for F4), all algorithms 
described in Section |4] carry through directly. Furthermore, the Lie algebra 
generated over Z by the differential operators in Theorem 1 1.1 1 is spanned by dif- 
ferential operators with integral coefficients. Clearly those involve only finitely 
many primes, and therefore Theorem 11.11 remains valid over all fields of suffi- 
ciently large finite characteristic. 

We comment why the case of parabolic subalgebra of maximal dimension 
and A = might be of interest. For g ^ sp{2n), this case provides a candidate 
for a minimal embedding of g in W„ (an embedding is minimal if it uses the 
minimal number of variables n). ^ proves that a minimal realization sl{n + 
1) ^ W„ is achieved by this construction, and is not achieved for sp{2n) (for 
sp{2n) [5] proves the minimal realization is the Shale- Weil representation). If we 
change the problem to allow localizations of Wk , [6] , [5] solve the problem 
of minimal realizations in Wfc. Except for sl(n + 1), the realizations in Wfc use 
a smaller number of variables than the construction discussed in the present 
paper. However, if using W„ rather than localizations, [6], [5] do not resolve 
the question of whether so{n) ^ W„_2, G2 ^ W5, F4 ^ W15, Eq ^ Wie, 
Ej ^ W27, Es ^ W57 arc minimal realizations. 

The computational technique presented here was originally intended as a tool 
for solving the branching problem as formulated in |10J, however we postpone 
such applications to a future work. We hope that the exceptional Lie algebra 

^tho program has free and open source code and an online interface 
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realizations in Table [T] can be of interest beyond the original motivation of the 
present paper. 

Acknowledgment: The author gratefully acknowledges the support by the 
Czech Grant Agency through the grant GA CR P 201/12/G028. 

2 Notation and preliminaries 

g denotes a semisimple Lie algebra over the complex numbers. Let [) C g be a 
Cartan subalgebra, and let g = t) ©®ctgA(g) fl" corresponding root space 

decomposition of g. Let ga € be a Chevalley-Weyl basis of g corresponding 
to this decomposition. In a Chevalley-Weyl basis, the structure constants of g 
are integral. 

We denote by b, p respectively a fixed Borel and a fixed parabolic subalgebra, 
such that f) C b C p. We denote by [ the reductive Levi part of p that contains 
(), by n the nilradical of p and by n_ the subalgebra generated by the root spaces 
opposite to the root spaces that generate n. 

For a dominant integral weight A G ()* we denote by V\{V) the irreducible 
finite-dimensional representation of [ with highest weight A. We equip V\(l) 
with trivial action of n and denote by M\{q,p) the corresponding generalized 
Verma module induced by the action of p on Vx{l), i.e., 

MA(g,p) :=C/(g)S5a(p) Va([) • 

The PBW theorem implies the vector space isomorphism 

MA(g,p)~C/(n_)®yA(0 . (1) 

Let W„ denote the Weyl algebra in n variables over Q where dimn — n. 
We denote its generators by 9i, . . . , 9„, xi, . . . ,Xn, and as usual we define its 
relations to be those of an associative algebra with identity together with 

XiXj — XjXi^ 

did J = djdi, 
djx,-x,dj = [9^,2;,] =(5y := I Q otherwise. 

Denote by S„ the symmetric algebra generated by . . . ,Xn. Then §„ is a 

W„-module under the action ■ given by applying the differential operators from 
W„ on the elements of S„, i.e., 

di ' Xj . — S^j 

Xj ' Xi . — XjX^ 
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3 Differential operator realizations of general- 
ized Verma modules 



Lemma 3.1 Let a,h U {q) . Then 

a\r = V ™)(-l)'=&™-'=(ad6)^(a) 
fe=o 

6™a = ^ ( '^j(ad6)'=(a)6'"-'= . 
fc=0 ^ ' 

Proof. (Dixmier) Let Lf, and Rh stand respectively for left and right multipli- 
cation by h in J7(g). As ad6 = Lh — Ri, and Lj, and Rj, commute, the lemma 
follows from the Newton binomial formula. □ 



Definition 3.2 Let bi, . . . ,bn be integers. We say that a polynomial p{ai, . . . , a„) 
is (bi, . . . , bn)- compatible ifp{ai, . . . , a„) is divisible by ak{ak — 1) . . . (ofe — 6^ + 1) 
whenever bk > 0- 

The main motivation for the definition of . . . , &„)-compatible polynomials 
is the following lemma. 

Lemma 3.3 Let L be a finite indexing set. For each i £ I, let {hn, . . . , 6j„) be an 
n-tuple of integers and Pi{ai, . . . , a„) be a {bn, . . . , bin) -compatible polynomial 
fDefinition \3.2]) . Suppose g : §„ — §„ is a linear operator .such that 

g{xl- = ^p,(ai, . . . ,a„)a;r-''- . . . , 

i 

for all monomials x^^ . . . x^" . Then there exists an unique element uj G W„ 
such that the action of g on S„ equals the --action of lo on §„. 

Proof. By linearity, it suffices to prove the Lemma in the case where / has 
only one element, i.e., 

g{xl^ ...<")= . . . , a„)xr-'^ ■ • ■ ■ 

Let P{ai, . . . , On) denote the polynomials in the variables a^. 
Case 1. Suppose first fefe < for all k. Define the linear map 



W6i,...,6„ : P(ai, . . . ,a„) W„ 

n 



(2) 



Direct check shows that Wf,j^.. .f,^^(p(ai, . . . ,a„)) has the same action S„ as g. 
Case 2. Suppose 6^ > for some fc. By the requirements of the lemma the 
expression 

I, X p(ai,...,a„) 
p (ai, . . . ,a„) := — (3) 

_[ I auiok - 1) . . . (afc - 6fc + 1) 

6fc>0 
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is a polynomial. Define 

- ^ r 6fc if 6fc < 
[0 otherwise 

Direct check shows that the operator 

\bk>0 / 

has the same action on §„ as g. The uniqueness of a; follows from the fact that 
Lj is uniquely determined by its action on monomials in the x^'s. □ 

Given data {{{pi, bn, . . . , bin)}iei) as in Lemma [3.31 let 

^{{{Pi,bn,---,bin)}iei) (5) 

denote the operator constructed in Lemma [3?3l 
We will need the following observation. 

Lemma 3.4 Ifp{ai, . . . ,an) is {bi, . . . ,bn)- compatible, then (°^)p(ai, . .. ,aj — 
Cj, . . . , ttn) is (bi, . . . ,bj + Cj, . . . , bn)- compatible. 

Let ui, . . . , u„ be a basis of n_ consisting of Chevalley-Weyl generators. For 
each generator Ui, let j3i be the root corresponding to Ui. 

Lemma 3.5 Let g (z g and j G {0, . . . , n}. There exists a finite indexing set 
I{g), such that for each i S /(g) there exist integers {bn, . . . , bin), o, {bn, . . . , bin)- 
compatible polynomial Pi{ai, . . . , a„) (Definition lS.S^) and an element fi £ U{g), 
such that fi is a Chevalley- Weyl generator lying outside of n_ or equal to 1 and 
such that 

u^... = E ^''("i' ■ ■ • ' • • ■ f^ ■ (6) 

Proof. It suffices to prove our claim in the case when g is a Chevalley-Weyl 
generator. We proceed by double induction on the weight of g and on the 
index j. We suppose we have proved by induction hypothesis our statement 
for all weights smaller than the weight of g. We suppose by second induction 
hypothesis that for all indices larger than j we have proved our statement for 
weights smaller than or equal to the weight of g. We have three cases for the 
induction step. 

The first case is that g = Uj+i or 5 uj; this case is trivial and there is 
nothing to prove. 

The second case is that g — ui with I < j. We apply Lemma l3.ll with 
respect to u"^ g to obtain that our starting expression is a linear combination of 
. . . u°j'Si uiu°j' . . . it°" and monomials of the form 
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with the weight of / strictly smaller than the weight of ui . By induction hypoth- 
esis these monomials can be written in the form (|6]). Here, the compatibility 
of the coefficients follows from Lemma 13.41 Continuing in this fashion, we may 
commute ui past u^^Si , and so on, until ui is positioned next to and so our 
induction step holds in the second case as well. 

The final case is that 5 is a Chevalley-Weyl generator that is not among the 
generators ui, . . . , Uj^i. We apply Lemma [01 with respect to guj'^i to get that 
our starting expression is a linear combination of monomials of the form 

I "1 ■ ■ ■ "j + l J "j+2 ■ • • "n ; 

where / is a Chevalley-Weyl generator that is either equal to g or is of strictly 
smaller weight. In both cases the induction step follows from the induction 
hypothesis and Lemma [3^ □ 

Let mi, ... , TOdimyA([) t>e a basis of V\{1). By ([T]) and the Poincare-Birkhoff- 
Witt theorem we can write every element in M\(q,p) uniquely as a linear com- 
bination of monomials the form 

u"' . . . M^" ®(7(p) rrii . 

Define the linear map 

(p:C/(n_) ^ S„ 



a 

Ul' ...< 



(7) 



Define the linear map 

ipx:MxiB,p) -> Sn(SVx{l) 
. . u"^" '^u{p) "^i ^ ^{^T ■ ■ ■ K") ® m^ = . . x^" rrii . 

By ([T]) the map ip\ is a vector space isomorphism between M\{q,p) and S„ (81 
Vx{l). We can therefore identify End (AfA(0, p)) with End(S„ Vx{ij) via the 
map ip'^ given by 

:End(MA(0,p)) ^ End(§„ ® 
a ipx o a o ip^ 

We are now in a position to prove the following. 

Proposition 3.6 Let q be a semisimple Lie algebra with parabolic subalgebra p. 

(a) There exists a linear map $0 : U{q) — > W„ Oid which makes the following 
diagram commutative. 

EndAfo(0,p)-^End§„(8)id ~ S„ 



U{q) V W„ ® id 
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(b) $0 "is a Lie algebra homomorphism. 

Proof, (a) Let g € q. By Lemma I3.5[ there exists data as described in the 
Lemma such that ^ holds. For each <? G g, let I{g) be the set given by Lemma 
13. 5[ and let 

Jig) {i e /|/, - 1} 
i.e., the subset corresponding to the summands in ([5]) that end on 1. Using 
Lemma [3.51 we can define the element • ■ • , ^in)}iGJ(3)) ©' ^^"^ 

therefore we can define the linear map $o : g — > W„ (g) id by 

*o(5) = ^{{{Pi,bii, • ■ • , bin)}iej(g)) ® id • 

Let mi be a non-zero vector of the one-dimensional vector space Vo((). The 
action of foig) on S„ (8) mi is computed on each monomial . . . a;°" (8) mi 
by applying the map (po to gu^^ . . . Un ■ mi. We have that the Chevalley-Weyl 
generators lying outside of n have zero action on mi. Together with Lemma 
13. 5[ this implies that 

ifo [gul^ ...Un' ■ mi) = (^0 {yiiei(g)Pi{ai, ■ ■ . ,a„)ui'~^" . • m-^ 

= (Eiej(g) P^{al, an)^^"^" • ■ • • mi) 

= ^oig)- {xi' ...x^" (E>mi) 

= $0(5') -(^oK' •■•<" «)c/(p) mi) . 

The above proves (a). 

(b) As Mo{q, p) is a (Lie algebra) representation of g, the image of g in End Mo(g, p) 
is a Lie algebra, and by (a) so is the image of g in End §„ eg) id. □ 

We finish this section with an interpretation of the action of g as a Lie 
subalgebra of W„ (E) Endy\(0- We recall that, given associative (and therefore 
Lie) algebras Ai,A2, we have that Ai ® A2 is an associative (and therefore Lie) 
algebra with (oi a2)(6i 62) — aibi <E) 0262- Further, given two yl^-modules 
Mi, i = 1,2, then Mi M2 can be equipped with a ^i (g) v42-module structure 
via 

(ai (g) 02) • (mi (g) m2) := (ai ■ mi) (g) (02 ■ m2) . (9) 

In particular, S„ (g) V\{1) is a W„ ® End y\(()-module; the associative algebra 
W„ (g)End Va(Q is sometimes called a "Weyl algebra with matrix coefficients". 

Proposition 3.7 There exists a Lie algebra homomorphism $>, : U{g) — ?■ W„(8) 
EndVA(0 'which makes the following diagram commutative. 

EndMA(g,p)— ^End(§„0yA(l)) , 

Hi 

C/(g) ^ Wn <E) End Va(1) 

where we are using ([9|) with respect to the ■ action o/W„ on S„. 
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Remark. The proposition remains valid if we replace Va([) with an arbitrary 
p-modulc V and (p\ by an operator defined similarly to ([8]). 

Proof. Let g € g. Let {{fi,Pi, bu, . . . , 6i„)}ig/ be the data whose existence 
is given by Lemma [XH We can therefore define $a : U{g) — >■ W„ Cg) End Va([) 
using Lemma 13.41 so that the last equality in the following computation holds 
for an arbitrary vector v e Va(1). 

The remainder of the proof is analogous to that of Proposition 13 .61 and we omit 
it. □ 



4 An informal algorithm description 

In the present section we describe an algorithm that explicitly computes the 
homomorphism $a from Proposition 13.71 The homomorphism is described by 
giving the image of each of the simple Chevalley-Weyl generators of g. 

For a simple complex Lie algebra g, the only input data needed to compute 
an embedding g ^ W„ End Vx{t) is the data g, A, p. More precisely, g can be 
described to a computer program by the type of the Lie algebra, A by a vector 
given as the sequence of its fundamental coordinates and p by a vector of zeroes 
and ones indicating which simple roots are crossed out. 

The root systems of each simple Lie algebra can be generated, for example, 
using [H page 162]. The structure constants of a semisimple Lie algebra relative 
to a Chevalley-Weyl basis (in particular, their signs), can be computed with a 
uniform method in both the simply and non-simply laced case according to [111 
pages 47-51] as implemented in our C-| — h program, 

We suppose V\{i) is constructed, in particular we have a vector space basis 
mi, . . . , m^iin Va(i) of V\{1) and we know the action of each g e g as an element 
of Va([) (Xi Va([)* — EndVA([). An algorithm for computing the actions of g on 
Va(0 from the data g. A, p can be extracted from [5] and [7]; a detailed algorithm 
description is in preparation, [1]. The algorithm is already implemented and 
tested in 0. 

Let gi denote the Chevalley-Weyl generators computed using the preceding 
algorithms. We represent (non-uniquely) a monomial gf^ ■ ■ ■ 9ik ^(s) ^ 
list of generator indices and a corresponding list of exponents, i.e., as the data 

((ii, . . . , . . . ,_Pfc)) is e lie in the base ring. (10) 

We allow the exponents to belong to any base ring defined in our program that 
contain^ Z. We represent an arbitrary element in U (g) (non-uniquely) as a 

^to achieve this we use C-l — h templates 
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collection of monomial data ([TU|) and a list of coefficients lying in the base ring, 
i.e., as the data 

((gi, . . . , Qs), {moni, . . . , moris)) morit of the form (jlOp . qt lie in the base ring. 

(11) 

In the above data, we do not allow a monomial mont to appear more than once, 
and we do not allow qt = 0. To the data above, we may add a monomial mousi 
together with a coefficient qs' by the following procedure. If the monomial mons' 
is not already contained in the list of monomials, we add mons' and qs' at the 
end of the corresponding lists in (jlip . Otherwise, we find the index t for which 
mont = mons' and add qs' to qt ; if the resulting coefficient qs' + qt is non-zero 
we are done, else we remove mont and the corresponding coefficient from the 
data ((TT|) . 

Let < be a total order on the Chevalley-Weyl generators g;; we will fix 
an order < later. We say that the data (ITUl) is reduced relative to < if the 
corresponding monomial has the property that if there is a generator gf^ that 
appears to the left of a generator gf^ and at the same time gi-^ > gt^ , then both 
Pi and p2 are not non-negative integers. We declare the data ([TTt to be reduced 
relative to < if each mont is reduced relative to <. 

Let u £ U{q). Suppose u is represented by data X of the form ([TT]) which is 
not reduced relative to <. We introduce an iterative procedure that transforms 
the data X to data X' that is reduced relative to < and represents the same 
element u £ U{q). We treat each monomial data mon participating in (jlip 
separately. Suppose mon is not reduced relative to <. We remove mon from 
the data (|lip . Then, we transform mon so no two consecutive generator indices 
are equal by adding the corresponding exponents and removing one of 
the indices. If after this transformation mon is reduced relative to < we add it 
back to the data PT|) . Otherwise, we find the first generator index ij for which 
ffi > ffi +1J but either pj or Pj+i is an element of Z>o. We then apply Lemma 
13.11 choosing the first identity if Pj G Z>o and the second identity otherwise. 
The right hand side of the identities in Lemma 13.11 provides us with new set 
monomials moni, . . . ,monk and a new set of coefficients; we multiply those 
coefficients by the initial coefficient of mon, and add back to the data (fTTj). 

We are now ready to implement Proposition l3.7l Fix a semisimple Lie alge- 
bra, 0, a highest weight A, and a nilradical n_. We recall from Section [3] that 
Ml, . . . ,w„ are the Chevalley-Weyl generators that give a vector space basis of 
n_. Now fix the order < so that ui < U2 < • ■ • < u„ and Ui < gj for any 
Chevalley-Weyl generator gj n_. Extend (arbitrarily) < to a total order. Let 
ff±ii • ■ ■g±k be the simple Chevalley-Weyl generators of g. Consider the action 
of left multiplication by g±i on a generic monomial in J7(n_), i.e., consider the 
element 

ff±,<^--<" • (12) 

Using the algorithm in the preceding paragraph, we may transform the data 
corresponding to (|12p to data that is reduced relative to <. The so computed 
data represents the sum ([6|) from the proof of Lemma [3751 In particular, we can 
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read off the set of integers {bn, . . . , bin) and {bn, . . . , 6i„)-compatible polynomi- 
als Pi{ai, . . . , a„) whose existence is asserted by Lemma [3.51 

Fix now the base ring to be Q[ai, . . . , a„]. We note that our final imple- 
mentation allows computations over the ring Q[ai , . . . , a„] [Ai , . . . , A^] , where A^ 
are indeterminates that correspond to the crossed-out roots of p (we recall that 
A need only be integral with respect to the simple roots of [, in particular A 
is allowed to have indeterminate entries in the coordinates corresponding to 
crossed-out roots). We recall that the monomials participating in © are of the 
form 

p(ai,...,a„)<^-^V.. , 

where / is some Chevalley-Weyl generator of g lying outside of Ti_ and the poly- 
nomial p is (&i, . . . , &„)-compatible fDefinition l3.2p . First, we apply Lemma [3T3l 
to the first multiplicand p(ai, . . . , a„)u^^"''^ . . . mJ'j""''" - for ([3]) we use polyno- 
mial division, and for the remainder of the Lemma we use a standard imple- 
mentation of W„. If A = 0, we replace / by id; else we replace / by its action 
on V\{1) and take the tensor product with the differential operator computed in 
the preceding step. We collect all summands to complete the computation of 
the homomorphism ^\ from Proposition 13. 71 

Proof of Theorem 11.11 We run the algorithm described in the current 
section as implemented in ^ to generate Table [T] □ 



|EmbedSSalgebraInWeylAlgebra{}(G^, (0,0), ( 1, 0)); 
EmbedSSalgebraInWeylAlgebra{}(G^, (0,0), ( 0, 1)); 






EmbedSSalgebraInWeylAlgebra{}(F.4, (0,0,0,0), ( 0,0,0, 1)); 
EmbedSSalgebraInWeylAlgebra{}(F.4, (0,0,0,0), ( 1,0,0, 0)); 


EmbedSSalgebraInWeylAlgcbra{}(E_6, (0,0,0,0,0,0), ( 1,0,0,0,0, 0)); 
EmbedSSalgebraInWeylAlgebra{}(E_7, (0,0,0,0,0,0,0), ( 0,0,0,0,0, 0,1)); 



We note that in our C++ implementation, we represent elements of [/(fl), poly- 
nomials, elements of W„, elements of ~ V\{V) ®V\{1)* ~ End V\{V) and elements 
of W„ (g) End Va([) using a single C++ monomial collections class. This allows 
us to reuse all linear algebra and memory management routines (hash tables, 
etc.). The monomial collections that have the property that a product of two 
monomials is a monomial use in addition shared code for multiplicatior(f|. 

Let g' C W„ ® EndVA(l) be the Lie algebra generated by the differential 
operators corresponding to simple generators as constructed above. As asserted 
by Proposition 13. 7[ g ~ g'. In particular we can check that dimg' = dimg; we 
implemented this check as an additional self-test routine for code correctness. 



5 Example: the embedding G2 ^ W5 

In the present section we illustrate the computation of G2 ^ W5 , as reported by 
our computer program. A basis of G2 is computed in Table [21 The elements hi 

■'This is again achieved using C++ templates 
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are dual to the simple roots of and the elements gi together with /ii, I/3/12 
form a Chevalley-Weyl basis of G2. The generators gi are indexed according 
to the index of the corresponding root space, and the root spaces are indexed 
according to their order in the simple coordinate graded lexicographic order. 

Both proper parabolic subalgebras of G2 are maximal. We carry out the 
computations for the parabolic subalgebra obtained by crossing out the short 
root. A basis for the nilradical n_ is given by g^g, (7_5, (7_4,5_3, g_i. An arbi- 
trary monomial in C/(n_) is then a multiple of 

ai ao dA ax 

u ■= 9-69-59-49-39^^1 ■ 

Applying consecutively the identities of Lemma 13.11 according to Section 21 we 
can compute that 

giu — -da4g_g5_5g_4g_3 g_ig-2 + a.^9 -^9 -^9 -a9 -?,9 -i "i 

+9%9%9-\9%9-\9i + (-3ai + ia3)g%+^ g%g''_r^ g%g''_\ 
+ (9alai - 9a4ai - Qalas + ^aia^)g''J+^ g%g%g''S^ g'^X^ 
-a2g%g%-'g%+'gl%gl\ + {-3a,4 + 9a,al - 6a,a,)g%g%+'g%gX'9-\-' 
-2a35-^6ff-55-r'5-l5+'ff-\ + (3a4ai - 3a,a,)g%g%g%+' g^' 9-\-' 
+{-4 - 3^405 + a5)g%g%g'^\gl%gX' 

/ o 2 I o \ di+l 0,2 0-3 0.4 — 2 as o 0.1 0-2 + 1 — 1 aA as 

9~iu = {-3ai + 3ai)g_Y g_%g_\g_% g_\-3a3gJe9-5 9-i 3-33-1 

-^a45-6ff-55-4 ff-3 9-1 +9-69-59-49-39-1 

92U = g%g%g%g%gl\g2 - aig%-' g%+' g%g%gl\ 
+{-2al + 6al - Aa4)g%+'g%g%g%-'gl\ 

I / 2 I ^ 0-2 0.3 + 1 04—2 Os 1 Oi 02 03 O4 — 1 Os + 1 

+ {-ai + a4)gJeg_%g_Y g_% g_\ + aigJeg_%g_\g_% g_Y 

O] ao 03 04 Os oi+l 02 — 1 03 04 Os 

9-2U = 9-69-59-49-39-19-2 - 025-6 9-5 9-49-39-1 
1/0 2 I o ^ oi+l 02 03 O4 — 1 Os — 2 

+ (-80401+30405)5^6 9-59-49-3 9-1 

+ (oi - 3o2 + 2o5)g^^65-l3+'.9-^4.9-1ig-V' + {-^ + «5)g^^65-1ig-^4+'.9-1iff-V' 
+a5g^V9-^55-^45-1i+'5-V' ■ 

Applying the map ipo to the above expressions amounts to renaming the genera- 
tors 5_6, 3-5, 5-4, 5-3, 5-1 to xi, . . . ,X5, replacing the remaining generators by 
0, and finally tensoring on the right with mi. We recall from Lemma [3.51 that 
if one of the so obtained monomials is of the form p(oi, . . . , 
and bi > 0, then p{ai, . . . , 05) is divisible by 0^(0^ — 1) . . . (o^ — &i + 1). Now we 
can apply (|3]) and ([2]) from Lemma [5751 to get that 



$0(51) - {-3x2d4dl + 9xididl + 3x3d4di-x5di 
—3x48435 — 3xi9| — 2x4^3 — 2:392) ^ id 
*J'o(5-i) = (-3a;i9| - 2x3^4 - 3a;293 + 2:5) ® id 

^0(92) = (-2a;i9| - X39| + X594 - a;29i) (X)id 
<l'o(5-2) = (a;295 - 3xi949| - X39| + 2:495 - xi92) ® id 
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Table [T] Elements of W„ generating the exceptional Lie algebras. Each entry of the table is a simple Chevalley-Weyl 
generator, given in the order gi, g^i, g2, g-2, ■ ■ ■ ■ Here, g±i stands for the Chevalley-Weyl generator of the simple root whose 
i*^^ coordinate is non-zero. The simple roots are ordered in the same order as the one implied by [3] page 59]. For G2 and F4 
there are two entries as G2 and F4 each have two non-isomorphic parabolic subalgebras of maximal dimension. 



element of W„ 



x0i 



8x49495 



2x49,3 — X392) ® id 



Go 5 



— 3xi9| — 2x394 — 3x293 + X5) ® id 



—2xi&l ~ xz&i + X594 - X29i) ® id 



X2di — 3xi9495 — X395 -I- X495 — xi92) id 



—3x594 — 3xi9| — 2x493 — X392 



id 



-X495 — 3xi94 — 2x394 — 3x293) ® id 



G2 5 



-X595 — X49495 — 2xi94 — X394 — X29i) ® id 



-xi92 + X5) ® id 



^Ibdl^ — Xi49i49i5 
-|-Xio9i29i4 

2 



2xi9|9: 



a:i39i39i5 - Xi29i29i5 - Xii9ii9i5 + xi979io9i5 - Xg9g9i5 - x-jd-jdx-y + xidrdi2du 
14 -t- X8999i4 + x^djdii + xidjdl^ + X109J3 4xi999ii9i3 + xsdndis - xedgdis - x^drd- 
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2xi9ii9i2 + X69ii9i2 - X397912 - X59ii - X4999ii - X2djdw - xjd^ - X29i) (g) id 



-xid2 + X15) (gi id 



xi9^ 



F4 15 



Xi59i4 - xi29: 



'10 



X998 — X795 — X392) (gi id 



Xi49i5 - xio9: 



12 



X899 — X597 — X293) (Xi id 



2xi49i3 - xi39i2 - xii99 - X896 - 2x594 - X493) (g) id 



a;i39i4 - 2xi29i3 — X99ii - X698 - X495 — 2x394) (g) id 



a;i39ii -I- 2xi299 - 2x1878^ + 2xio8s - xgdj - xgd^ - X694) g) id 



a;ii9i3 -I- X99i2 + 2xi999io -I- x89io — 2x799 - 2x598 — X496) id 



Xbdh - xi'idi2 - X38'(q - xii9io - X796 - X29i) id' 



-X5813 - Xi29i3 - X39^i - Xio9ii - X697 - Xi92) (g) (d 



xidf 



xiid- 



'13 



xio99 - X695 - X392) g) id 



-X79i4 - Xi39i4 - xi9io - a;99io - X596 - X293) g) id 



Fi 15 



Q n element of W„ 

(-xibdii - 2a:59ii9i2 + Xidipdn - xisdn - xi2i9io - xgds - 2x584 - x^d^) ® id 

{-Xi4di5 + .T49i2gl3 - Xiidi3 - 2x3(9ii9i2 - .Tio(ji2 - X^dg - Xjd^ - 2x384) (E) id 

{2x78118(5 + 2xQdwd'i5 + 2x5dgdl5 - xi^&i^ - 2.T7ai3ai49i5 - 2a:;6(9i2i9i4i9i5 + 2a::4a9i9i4i9i5 - x^dudir, 
-2x5812813815 - 2x4810813815 - a;i3(9i3ai5 + 2a:;4aiiai29i5 - a;i29i2i9i5 - 4a;3(9io(9ii9i5 - 'ix28g8ii8i5 - 2a;ii9iiai5 

-'iXi8g8w8i5 ~ 2xio8w8i5 - 2xg8g8i5 + 2x31999^4 + 4a;299(9i39i4 + X118138U + 2.T3aiiai29l4 + ■ixi8g8i28i4 

+xwdi28ii - 2xs8q8i4 - 2x2810813 + 2a;29ii9i2i9i3 - 2a;i5ioi9i29i3 + a;99i2i9i3 + 2a;8i9ioi9i3 + 2x18118(2 - 2a;89ii9i2 
—2x387810 — 2x2878^ — 2xi8Q8g — X1187 — xio8q — Xgds — xsdi) id 
(— 2a;79ii — 2xq8io ^ 2x599 — X48S + X15) (8) id 

{-xied'te - xis^is^ie - x^^M^ie - •^;i39i39i6 - X1281281Q - xii8ii8ifi - xio^io^ie - xgcJg^ie - xs^g^ie - xe^eSie 

-X4848i^ + X78g8i5 + X58(i8i5 + a;3a4C?i5 + .X7aiiai4 + X58i8i4 - X284814 - X7di2di3 - a;59io9i3 - Xid^diz 

-X38S812 - X28e8i2 + xsgipc^ii - X186811 + 3:2^)9910 + xid88g) (g) id 

xiQ (g) id 

(-xi49i3 - a:i2i9ii - xio8s - X281) (8) id 

(-.xi39i4 - a::ii5i2 - 3:8^10 - X182) ig? id 

. {xie8i5 - xg87 - xe85 - X483) (g id 

(Xi59i6 - X78g - X58G - X384) (g) id 

(Xi55i4 - Xii8g - Xs8q - X382) ® id 

(xi4(9i5 - xg8ii - .Te^s - X283) ® id 

(a:i49i2 + .-ri3(jii - Xii84 - X583) ® id 

(xi2t)i4 + a:ii(ji3 - X48(i - X385) ® id 

(a:i2C^io + xii8ii + xg8Q + X785) ® id 

{xio8i2 + a:89ii + XQ8g + X587) ® id 

(-a;22C^2i - a;20t^i9 - a:i8^i7 - a^iet^u - 3:13^11 - X281) ® id 

(-a:2i922 - a;i9i920 - X1781S - X1481Q - a:ii9i3 - a:ii92) ® id 

(-X24C?23 - 3^22920 - a:2l9l9 - Xio8s - X78Q - X5d4) ^ id 

(-a:23t?24 - a:2o922 - a^i9(?2i - xs,8io - xe87 - X485) ® id 

(-^24^^22 - a;23t?2o - Xn8i5 - a:i4gi2 - xii8g - X3d2) ® id 



E7 27 



Q n element of W, 



( — .7;22924 


- a;2o923 - a;i5i9i7 - a;i29i4 - x^dn - 


- 2:293) ® id 


(-a;25924 


- a;2oi9i8 - xigdn - a:i29io - 2:997 - 


Xidz) ® id 


(-X24925 


- a;i8i92o - xndig - a:io9i2 - 2:759 - 


x-idi) ® id 


(-X26925 


- xisdiQ - xndu - xizdi2 - 2:7^5 - 


x^di) (8) id 


(-a;25926 


- xiadis - xiidn - xi2di^ - x^dr - 


Xidf,) (8) id 


(-X27926 


- xiedis - xiidii - xi2dg - xwdr - 


xsde) 8) id 


(-a;26927 


- xisdie - 2:iii9i4 - 2:9912 - 2:79io - 


xeds) ® id 


(-X27a|7 


- 2:26926527 - X2->d2bd27 " 2^24924927 


- 2:23923927 - 2:22922927 " 2:2l92l927 - 2:2o92o927 " 2:i99i9927 " 2:i89i8927 



-Xndnd27 - XiQdi(id27 - 2:15915927 - 2:i49i4927 - 2:i29i2927 - 2:io9io927 - 2:898927 - 2:i39i6926 - 2:ii9i4926 - 2:99i2926 

-2:79io926 - xedsd2e + xi'^di»d2b + xiidnd2b + xgdi^d2-r> - x-^dwd2^ - Xidsd25 - xizd2ad2i - 2:ii9i9924 + xjdisd24 

+2:59i2924 - X3dsd24: + 2:13922923 + 2:ii92l923 + •T69i5923 + 2:49i2923 + •T39io923 - 2:99i9922 - X7dnd22 - Xadud22 
-X2dsd22 + 2:992o921 + 2:79i8921 + 2:59i6921 - 2:i98921 - 2:69i7920 - 2:4914920 + 2:29io920 + 2:69i89i9 + 2:49i69i9 

+a;i9io9i9 - a;39i49i8 - a;29i29i8 + a;39i69i7 - a;i9i29i7 + a;29i59i6 + a;i9i49i5) (g) id 

I-" r-; 

2:27 (8 id 





( — 2: 51 950 


— 2'49948 


- 2:47 9i(i 


- 2-45943 


- X4294() 


— 2:39936 — 


X 2 3 920 — 


2'l99l7 - 


■T'l69l4 — 


•Ti:!9i2 - 


:rii9io - 


- xgdf^) 8) id, 




(-•'•■.-,() 951 


- .ri89ii, 


- .;:i(,9i7 


- ■f.l39l5 


- ■'■io9i2 


- •'■:iG'-':!iJ - 


•'■2(|92:i - 


•I'lr'Aii - 


.iiiOm - 


■'■l29l:! - 


•'■io9ii - 


- .r,s9!)) /'(/ 




(-2:53952 


- 2:51949 


- 2:50 948 


- 2:38935 


- 2:34932 


— 2; 1 928 929 


- •'r3i929 


— •X3o928 


- X27d25 


- 2:24921 


- 2:ii99 


— 2:io98 — 2:795) ® id 




(-2:52953 


- 2:49951 


- 2:43950 


- 2:35938 


- 2:32934 


- 2:i93o93i 


- 2:29931 


- 2:28 930 


- 2:25927 


- 2:21 924 


- 2:9911 


- xsdio - x^dr) 8) id 




(-2:53951 


- 2:52949 


— X4ed44 


- X43941 


- 2:40 937 


- 2:36933 - 


2^26923 - 


2^22919 - 


2;i89l6 - 


2;i59l3 - 


2;io97 - 


Xsde) <Si id 




(-X5i953 


- 2:49952 


— 2:44946 


- 2:41943 


- 2:37940 


- •2:33936 - 


2:23926 - 


•2:19922 - 


2:i69i8 - 


2:i39l5 - 


2:7910 - 


xeds) ® id 




(-2:54953 


- 2:49947 


— 2:48946 


- 2:41 938 


- 2:37934 


- 2:33930 - 


2:29926 - 


2:25922 - 


2:2l9l8 - 


2:i39ii - 


2;i29io - 


- xed^) (g) id 
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(-2:53954 


- X47949 


— X46948 


- X38941 


- 2:34937 


- 2:30933 - 


2^26929 - 


2^22925 - 


2;i8921 - 


2;ii9i3 - 


2;io9i2 - 


- x^de) id 




(— X55954 


- 2:47945 


- 2:45943 


- 2:44941 


- 2:34931 


- 2:1 927929 


- 2:32929 


- 2:3o927 


- 2:28925 


- 2:i89i5 


- 2:i69i3 - 2:i49i2 - 2:594) (g) id 




(-2:54955 


- 2:45947 


- 2:43946 


- 2:41944 


- 2:31934 


- Xi93o932 


- 2:29932 


- 2:27930 


- 2:25928 


- 2:15 9i8 


- 2:i39i6 - 2:i29i4 - 2:495) (g id 




(-2:56955 


- 2:45942 


- X43940 


- 2:41937 


- 2:38934 


- 2:35932 - 


2^27924 - 


2^25 921 - 


2;229l8 - 


2;i99l6 - 


xndii - 


- Xids) id 




(-X55956 


- 2:42945 


- 2:40943 


- 2:37941 


- 2:34938 


- 2:32935 - 


2:24927 - 


2:21 925 - 


2:i8922 - 


2:i69i9 - 


xiidn - 


- 2:394) (g id 




(-2:57956 


- 2:42939 


- 2:40 936 


- 2:37933 


- 2:34930 


- 2:1 927928 


- 2:32928 


- 2:31 927 


- 2:29925 


- 2:26922 


- 2:239i9 - 2:2o9i7 - 2:392) ® id 



Q n element of W„ 

(-0:57957 - x^(id^(id^7 - .T55555957 - xzid->id^7 - 0:53953957 - x^2d^2d^7 - xs^idsid^r - x^nd^ad^-j - Xigdi^d^'j - Xi^di^d^j 

-X47947957 - .T46946957 - 0:45945957 - 0:44944957 - 0:43943957 - 0:42942957 - .0:4ia4l957 - O:4o94o957 + 0:i92o939957 
-0:38938957 - 0:37937957 - 0:i923936957 - 0:35(935957 - 0:34934957 + 0:i926933957 - 0:32932957 - 0:3i93i957 - Xi92993o957 
-0:29929957 - X26926957 - 0:23923957 - 0:2o92o957 - 0:i92o942956 - .X39942956 + O:i92394o956 - .T3694o956 - 0:i926937956 

-0:33937956 + o:i929934956 - 0:30934956 - 2o:i93i932956 - 0:28932956 - .0:27931956 - 0:25929956 - o;22926956 - 0:19923956 

-0:i792o956 + 0:i92o945955 + 0:39945955 - Xid2zdizdz^ + X36943955 + Xi92694l955 + 0:33941955 - 0:i929938955 
+0:3o938955 + 2o:i93i935955 + 0:28935955 - 0:24931955 - X2ld29dh5 - Xis,d2(>d^^ - .t:i6923955 - -1:14920955 - O:i92o947954 
-0:39947954 + 0:i923946954 - 0:36946954 - 0:i926944954 - 0:33944954 + 2o:i932938954 + X27938954 - 20:4934935954 
+0:25935954 + .0:24934954 + .0:21932954 - .0:i5926954 - .1:43923954 - .0:i292o954 + .0:i92o94g953 + .0:3g94g953 - .0:i923948953 

+0:36948953 + .i:i929944953 - -1:30944953 - 2o;i93294i953 - .0:27944953 + 20:1935937953 - 0:24937953 + 0:22935953 

+0:i8932953 + .0:15929953 - 0:ii923953 - .O:io92o953 - .O:i92o95i952 - 0:39951952 + O:i92395o952 - O:3695o952 - 2o:i93i944952 

-X2%diid^2 + 2o:i93494i952 - X2^diid^2 - 2x18^78^^9^2 - X228zfid^2 - .0:21937952 - .o:i8934952 - .o:i593i952 - .0:9923952 

Oi -.0:892o952 + -i:i926948951 + .0:33948951 - .0:i929946951 + .0:3o946951 + 2x1932943951 + -1:27943951 - 2.Xi93594o951 

+0:2494o951 + .1:19935951 + .i:i6932951 + .1:13929951 + .i:il926951 - .i:792o951 - O;i926949950 - -1:33949950 + 0;i929947950 
-0:30947950 - 2X1932945950 - -1:27945950 + 2.ri935942950 - .1:24942950 + 0:17935950 + X14932950 + .0:12929950 + Xlo926950 
+0:7923950 + 2X1 931 946 949 + .1:28946949 - 2xi934943949 + -1:25943949 + 2xi93894o949 + .i:2l94o949 - Xig938949 
-X16 934 949 - .i:i393l949 + .1:9926949 - -i:692o949 - 2xi93l947948 - -1:28947948 + 2xi934945948 - -1:25945948 - 2xi938942948 
-X2l942948 - X17938948 - Xi4934948 - .1:129^ 948 + .1:8926948 + -^6923948 + 2xi937943947 + -^22943947 - 2xi94o94l947 
+Xi994l947 + Xi894o947 + 0:i6937947 - .i:il93l947 - .1:9929947 - -T592o947 - 2xi937945946 - 0:22945946 + 2xi94l942946 
-X18942946 + Xi794l946 + Xi4937946 - .i;io93l946 - .£'8929946 + 0-5923946 + 2xi94o944945 - X19944945 + Xi594o945 
+0:43937945 + Xii934945 + X9932945 - X492o945 - 2xi942943944 - X17943944 - Xi6942944 - Xi494o944 - X793i944 

-0:6929944 - x^d2Qdi4, - 0:15942943 + X12937943 + o:io934943 + X8932943 + X4923943 - xi394i942 - o:ii938942 - 0:9935942 
-X392o942 - a;i294o94i + X7dsidii + X(,di2dii - X4,d2edii - xio93894o - 0:8935940 + 0:3923940 - o:292o939 - X7937938 
+0:5932938 + X4929938 - 0:6935937 - o;3926937 + X2d2sds(i - 0:5934935 - 0:4931935 + 0:3929934 - 0:2926933 - 0:3931932 

+0:2929930 - o;29i) ® id 

(-o:i92 + 0:57) ® id 



Table 2: The Lie bracket pairing table of G2. Generators are indexed according to root spaces, and root spaces are indexed 
according to graded lexicographic order. The first simple root is short. 





e — notation 


[•,•1 


9-6 


9-5 


9-4 


9-3 


g-2 


g-1 


hi 


hi 


91 


g2 


g3 


94 


95 


96 


-3, -2) 


<S1 + ^2 - 


9-6 























3g-6 





g-5 


-g-4 


9-3 


-9-2 


— hi — 2/3h2 


-3, -1) 


-ei + 2e2 - ^3 


9-5 














g-6 





39-5 


-3g-5 


g-4 








-9-1 


-hi - l/3h2 


-92 


-2, -1) 


S2 - E3 


9-4 











-39-6 





3g-5 


9-4 





2g-3 





-2g-i 


— 2hi — h2 


-91 


93 


-1, -1) 


SI - =3 


9-3 








39-6 








2g-4 


-9-3 


3g-3 


3g-2 


-9-1 


— hi — h2 


-291 





-94 


(0, -1) 


2ei - £2 - E3 


9-2 





-9-6 











g-3 


-3g_2 


6g-2 





-l/3h2 


-91 








g5 


(-1,0) 


-ei + 62 


9-1 








-3g_,5 


-2g_4 


-g-3 





2g-i 


-3g- 1 


-hi 





3g2 


293 


94 





(0,0) 





hi 





-39-5 


-9-4 


9-3 


3g-2 


-2g-i 








2gi 


-392 


-93 


94 


395 





(0,0) 





''2 


-39-6 


39-5 





-39-3 


-6g-2 


3g-i 








-3gi 


6g2 


393 





-395 


3g6 


(1.0) 


ei - £2 


91 





-9-4 


-2g_3 


-3g-2 





hi 


-2gi 


3gi 





gs 


294 


3g5 








(0, 1) 


+ £2 + E3 


92 


-9-5 








9-1 


l/3h2 





3g2 


-6g2 


-g3 











96 





(1,1) 


-SI + S3 


93 


9-4 





29-1 


hi + hi 


gi 


-3g2 


g3 


-3g3 


-2g4 








-3g6 








(2, 1) 


-E2 + E3 


94 


-9-3 


9-1 


2hi + hi 


2gi 





-2g3 


-g4 





-395 





396 











(3, 1) 


£1 - 2^2 + S3 


95 


9-2 


hi + 1/3)12 


91 








-g4 


-3g5 


3g5 





-96 














(3,2) 


-ei - £2 + 2e3 


96 


hx + 2/3h2 


92 


-93 


g4 


-g5 








-396 
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